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Abstract
We study the problem of locally distinguishing pure quantum states using shared entanglement as a resource.
For a given set of locally indistinguishable states we define a resource state to be useful if it can enhance local
distinguishability and optimal if it can distinguish the states as well as global measurements and is also minimal
with respect to a partial ordering defined by entanglement and dimension. We present examples of useful resources
and show that an entangled state need not be useful for distinguishing a given set of states. We obtain optimal
resources with explicit local protocols to distinguish multipartite GHZ and Graph states; and also show that a
maximally entangled state is an optimal resource under one-way LOCC to distinguish any bipartite orthonormal
basis which contains at least one entangled state of full Schmidt rank.
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I. INTRODUCTION
The paradigm of Local Operations and Classical Communication (LOCC) [1] is of central importance in
quantum information theory. In a LOCC protocol, two or more distant parties perform arbitrary quantum
operations on local subsystems and communicate classically, but are not allowed to exchange quantum
information (qubits). Fundamental questions on quantum nonlocality, and properties of entangled states
(see [2] for a review), especially those related to the notion of entanglement as a resource, are generally
explored within the framework of LOCC.
LOCC protocols have limitations in that they cannot implement all quantum operations on a composite
system, parts of which are spatially separated. For example, it is impossible, by LOCC, to entangle two
or more quantum systems, even with nonzero probability. Shared entanglement, however, can help to
overcome such limitations. The local protocols which use shared entanglement as a resource define the
class of LOCCE, short for Local Operations, Classical Communication and Entanglement. These protocols,
using appropriate entangled states, can enable local implementation of any quantum operation on the
whole system. It is in this sense, we say that entanglement is a resource for quantum operations, e.g.
quantum teleportation [3], superdense coding [4], entanglement catalysis [5], entangling measurements
and unitaries [6–10]. The present paper considers a problem along these lines, namely quantum state
discrimination by LOCCE. This problem has been previously explored, primarily in specific instances of
bipartite systems [8, 9, 11–15], while a recent work [16] initiated a more general treatment of both bipartite
and multipartite systems.
In a local state discrimination problem [11, 14, 17–36], the goal is to learn about the state of a mul-
tipartite quantum system, prepared in one of a known set of states, by LOCC measurements. In some
cases, LOCC can indeed perform this task optimally, i.e. as well as global measurements. For example,
any two pure states can be optimally distinguished by LOCC regardless of their dimensions, entangle-
ment and multipartite structure [18, 19]. On the other hand, there exist states which cannot be optimally
distinguished by LOCC, and such states are said to be locally indistinguishable (LI); e.g. three Bell states
[20], a complete orthogonal basis where not all states are product [20, 22, 24–26], the orthogonal product
bases exhibiting “nonlocality without entanglement” [11], and unextendible product bases [23]. LI states
are said to exhibit a new kind of nonlocality as emphasized by many authors [11, 23, 24, 32] and imply
that global information encoded in multipartite systems may not be completely accessible by local means
[37, 38]. The latter has found useful applications in data hiding [39–42] and secret sharing [43].
The existence of locally indistinguishable (LI) states imply that auxiliary entanglement, shared between
the parties, may be necessary for optimal discrimination of such states by LOCC. Indeed, entanglement
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is necessary to perfectly distinguish any bipartite or multipartite orthonormal basis containing entangled
states [9, 20, 22, 24]. On the other hand, with sufficiently many entangled states any set of LI states can be
optimally distinguished. For example, the teleportation protocol [8, 12, 16] can optimally distinguish any
set of LI states in
(
C
d
)⊗N
while consuming (N − 1) log d ebits. However, from a resource perspective the
teleportation protocol in general is not optimal. For example, Cohen [12] presented protocols which use
entanglement more efficiently than teleportation to perfectly distinguish certain classes of unextendible
product bases.
The purpose of the present work is to better understand the role of entanglement, as a resource, in
local state discrimination problems. We therefore focus on the characterization of resource states and also
present results on multipartite state discrimination that are optimal under LOCCE.
Local fidelity [44], which quantifies how well a set of states can be distinguished by LOCC, plays a
central role in our analysis. This is briefly reviewed in Section II vis-a-vis the problem of local state dis-
crimination. In Section III we give a sufficiently general formulation of the problem of state discrimination
under LOCCE. Although we concern ourselves only with distinguishing pure states, the formulation and
much of the subsequent analysis can be easily extended to mixed states.
In Section IV we define the resource states to be useful or optimal for a given set S of locally indis-
tinguishable states and illustrate these definitions with some general results and examples. We say that a
resource state is useful if and only if it can enhance local distinguishability of the states in S . In bipartite
systems, we show that any pure entangled state of Schmidt rank r ≥ 2 is useful for distinguishing the
elements of any S ⊂ Cd1 ⊗ Cd2 , 2 ≤ d1 ≤ d2 provided r ≥ d1. We also show that a resource state can
be useful when 2 ≤ r < d1: in particular, m copies of a Bell state are shown useful to distinguish an
orthonormal basis of Lattice states in
(
C
2
)⊗n ⊗ (C2)⊗n for any 1 ≤ m ≤ n.
Here one is tempted to ask: For a given set S , is every pure entangled state useful as a resource?
We answer this question in negative. As an example, we prove that any pure state with only bipartite
entanglement is not useful for distinguishing a three-qubit GHZ basis. Similar arguments show that
anyN ′-partite state, no matter how entangled, cannot be useful for distinguishing aN -qubitGHZ basis
whenever N ′ ≤ N − 1.
Next we consider the question of optimality of resource states. Let R be the set of all resource states
that optimally distinguishes the states in S under LOCCE. Since most states in R are not optimal from
a resource point of view, we give two additional conditions that an optimal resource |Ψ〉 ∈ R must
satisfy. The first condition is that the amount of entanglement consumed is no more than what is both
necessary and sufficient. This can be duly satisfied by requiring that E (Ψ) ≤ E (Ψ′) for any |Ψ′〉 ∈ R
where E is a well-defined measure of entanglement. The second condition requires that the dimension
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of the optimal resource space must be the smallest; i.e. dimHΨ ≤ dimHΨ′′ for any |Ψ′′〉 ∈ R satisfying
E (Ψ′′) = E (Ψ).
As examples, we obtain optimal resources for distinguishing GHZ and Graph states in Section V.
We show that a m-qubit m-partite GHZ state is an optimal resource for distinguishing a N -qubit m-
partite orthonormal GHZ basis with N ≥ m ≥ 2 for any partitioning of the N qubits amongm parties.
This result is generalized to Graph states where an optimal resource is obtained for distinguishing a basis
defined for any graph G on N vertices with each party holding a qubit. Section VI considers optimal
resources in one-way LOCCE for bipartite systems. Here we show that a maximally entangled state is an
optimal resource for distinguishing any bipartite orthonormal basis containing an entangled state of full
Schmidt rank. We conclude in Section VII with a discussion on some of the open problems.
II. PRELIMINARIES: QUANTUM STATE DISCRIMINATION AND FIDELITY
In a quantum state discrimination problem, we wish to quantify how much can be learned about a
quantum system, prepared in one of a known set S = {pi, |ψi〉} of pure quantum states |ψi〉 occurring
with probabilities pi. The average fidelity is one measure calculated with respect to a particular physical
protocol and a decoding scheme, defined initially in [45]. Thus, for fixed setS = {pi, |ψi〉}, a measurement
(POVM) M = {Ma}, and a guessing strategyG : a→ |φa〉, the average fidelity is given by [44, 45],
F (S|M,G) =
∑
i,a
pi 〈ψi |Ma|ψi〉 |〈ψi|φa〉|2 (1)
This measures our ability to prepare a new quantum system in a state which is close to the original state
|ψi〉. It may be noted that 0 ≤ F (S|M,G) ≤ 1, and F (S|M,G) = 1 if and only if the procedure (M,G)
identifies the given state of our system perfectly which is possible only if the states |ψi〉 are orthogonal.
The optimal fidelity is defined as
Fopt (S) = sup
M∈ALL,G
F (S|M,G) , (2)
where the optimization is over all quantum measurements and all guessing strategies. Note that the prob-
lem of finding an optimal measurement strategy is difficult in general but that for any fixed measurement
M, it is a straightforward calculation to calculate the optimal guessing strategyG.
In LOCC state discrimination we suppose that the states |ψi〉 ∈ S belong to a N -partite quantum
system HS = ⊗Ni=1Cdi , N ≥ 2 with the allowed measurements belonging to the LOCC class. If we label
the parties as A1, A2, . . . , AN , then the LOCC measurements are realized with respect to the partitioning
A1|A2| · · · |AN unless stated otherwise. To simplify the notation, a LOCC protocol P will denote the
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associated LOCC measurementM and the corresponding guessing strategy G. Accordingly, the optimal
local fidelity Flocal (S) is defined as [44]
Flocal (S) = sup
P∈LOCC
F (S|P) ≤ Fopt (S) , (3)
where the optimization is over all LOCC protocols. We say that the states |ψi〉 are locally indistinguishable
if and only if Flocal (S) < Fopt (S).
In multipartite systems with N ≥ 3 we can often determine whether a given set of states is locally
indistinguishable or not by examining local distinguishability across various bipartitions. Let A|B be a
bipartitionwhereA andB holdm and (N −m) subsystems respectively. The optimal local fidelity across
this bipartition is given by
Flocal
(SA|B) = sup
P∈LOCC
F
(SA|B|P) , (4)
where the optimization is now over all LOCC protocolsP with respect to the bipartitionA|B. Since local
fidelity cannot increase by further partitioning of the subsystems, the following inequality holds:
Flocal (S) ≤ min{A|B}Flocal
(SA|B) , (5)
where the minimum is obtained over all bipartitions. It is clear from the above inequality that the states
must be locally indistinguishable if they are locally indistinguishable across at least one bipartition. How-
ever, it should be noted that a set of states can be locally indistinguishable even though they can be
optimally distinguished by LOCC across every bipartition [23].
III. QUANTUM STATE DISCRIMINATION BY LOCCE
We now suppose that the states |ψi〉 ∈ S are locally indistinguishable, and furthermore that the parties
share a resource state |Ψ〉 in addition to an unknown element of S . Since in multipartite systems it may
not be always necessary that the resource state is shared by all, we suppose that |Ψ〉 belongs to a N ′-
partite quantum system HΨ = ⊗N ′i=1Cd
′
i , where 2 ≤ N ′ ≤ N . Note that we do not make any assumption
on the structure of the resource state; it can be either genuine multipartite entangled, e.g. a GHZ state
or a tensor product of entangled states.
Observe that the task of local discrimination of the states |ψi〉 using a resource state |Ψ〉 is, in fact,
equivalent to the task of local discrimination of the states |Ψ〉 ⊗ |ψi〉 where the states |Ψ〉 ⊗ |ψi〉 now
belong to an enlarged joint Hilbert space H = HΨ ⊗HS. In this setting, LOCC is understood as follows:
Relabel the parties who share the resource state as A1, A2, . . . , AN ′ , 2 ≤ N ′ ≤ N . With this, the joint
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Hilbert space can be expressed as H = ⊗Ni=1Hi where Hi = Cd
′
i ⊗ Cdi for i = 1, . . . , N ′ and Hi = Cdi
for i = (N ′ + 1), . . . , N . This means that for i = 1, . . . , N ′ each party Ai holds two quantum systems:
the first system of dimension d′i is part of the shared resource state, and the second system, of dimension
di is part of the shared unknown state, and therefore, joint quantum operations are allowed on these two
systems.
As before, local distinguishability of the states |Ψ〉 ⊗ |ψi〉 can be duly quantified by the local fidelity
F (Ψ⊗ S|P) for some LOCC protocolP. The optimal local fidelity is defined in (3) as
Flocal (Ψ⊗ S) = sup
P∈LOCC
F (Ψ⊗ S|P) ≤ Fopt (S) . (6)
Computing the local fidelity is sufficient to ensure howwell a given set of states can be locally distinguished
using a given resource state. We use this fact in the next section for our definition of useful resources. On
the other hand, local fidelity doesn’t tell us anything about "efficient" use of entanglement in the process of
local state discrimination. As one may recall, it is easy to achieve the global optimum via the teleportation
protocol with |Ψ〉 being a tensor product of many bipartitemaximally entangled states. In the next section,
we therefore lay down the criteria an optimal resource must satisfy besides achieving the global optimum.
IV. CHARACTERIZATION OF THE RESOURCE STATES: USEFUL AND OPTIMAL RESOURCES
In this sectionwe discuss useful and optimal resources in a state discrimination problem under LOCCE.
A. Useful resource states
In quantum information theory, an entanglement state is considered useful for a task if and only if it
helps to perform the task better than LOCC alone. In the same spirit we define useful resources in local
state discrimination.
Definition 1. For a given set S of locally indistinguishable states, a resource state |Ψ〉 is useful iff there
exists a LOCC protocol P that F (Ψ⊗ S|P) > Flocal (S). That is: Flocal (Ψ⊗ S) > Flocal (S)
Thus, |Ψ〉 is useful iff it can enhance the distinguishability of the set S under LOCC. For a fixed S it
seems difficult to ascertain whether a given resource state is useful or not, but nonetheless, we present
some general results and examples that answer some of the closely related questions.
Consider a set S of LI states inCd1⊗Cd2 , d1 ≤ d2. Proposition 1 shows that any pure entangled state of
Schmidt rank r is useful if r ≥ d1. We also show that useful resource states with r < d1 exist. In Example
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1 a resource state of the form |Φ〉⊗m where |Φ〉 is a Bell state, is shown to be useful in distinguishing an
orthonormal basis of Lattice states in
(
C
2
)⊗n ⊗ (C2)⊗n for any 1 ≤ m ≤ n.
In Example 2 we show that any bipartite pure entangled state is not a useful resource for distinguishing
a three-qubitGHZ basis. Generalizing this, we point out that aN ′-partite pure entangled state, no matter
how entangled, cannot be considered useful for distinguishing aN -qubitGHZ basis providedN ′ ≤ N−1.
Proposition 1. Let S be a set of locally indistinguishable states in HS = Cd1 ⊗ Cd2 , 2 ≤ d1 ≤ d2. Then
any bipartite pure state |Ψ〉 ∈ HΨ of Schmidt rank r ≥ d1 is a useful resource.
Proof. We prove the proposition by giving an explicit local protocol. Since r ≥ d1 we assume that |Ψ〉 ∈
C
d′1 ⊗Cd′2 , where d1 ≤ d′1 ≤ d′2. In the first step of the protocol we attempt to convert |Ψ〉 to a maximally
entangled state |Ψ′〉 of Schmidt rank d1 by LOCC. From Vidal’s theorem [46] we know that this local
conversion succeeds with probability p > 0, and when it does, we use |Ψ′〉 to optimally distinguish the
states by the teleportation protocol. The local conversion, however, fails with probability (1− p) in which
case we resort to the optimal LOCC measurement to distinguish the states. Thus with respect to this local
protocol, say P, the fidelity is given by
F (Ψ⊗ S|P) = pFopt (S) + (1− p)Flocal (S)
> Flocal (S)
since p > 0 and Fopt (S) > Flocal (S). Hence, |Ψ〉 is useful for locally distinguishing S .
Example 1. Let |Φi〉, i = 1, . . . , 4 be the states in the Bell basis B ⊂ C2 ⊗ C2 where |Φ1〉 =
1√
2
(|00〉+ |11〉), |Φ2〉 = 1√2 (|00〉 − |11〉), |Φ3〉 =
1√
2
(|01〉 + |10〉) and |Φ4〉 = 1√2 (|01〉 − |10〉). Now
consider a local state discrimination problem where two parties hold n ≥ 2 unknown Bell states. This
means that the unknown state belongs to the maximally entangled basis
B′ =


n⊗
j=1
|Φij〉
∣∣∣∣∣∣ ij ∈ {1, 2, 3, 4}

 ⊂ (C2)⊗n ⊗ (C2)⊗n
The states inB′ are known as Lattice States in the literature (see for example, [35]). It was shown in [35, 36]
that for n ≥ 3, there are small subsets S ⊂ B′ with |S| < 2n such that S is locally indistinguishable. Here
we restrict our attention to distinguishing a complete basis.
Assuming that the states in B′ are all equiprobable, we will show that the resource state |Ψm〉 =
|Φ1〉⊗m is useful for any 1 ≤ m ≤ n, i.e.
Flocal
(
Ψm ⊗ B′
)
> Flocal
(B′) .
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Note that, Ψm ⊗B′ is a set of 22n maximally entangled states in
(
C
2
)⊗(n+m) ⊗ (C2)⊗(n+m).
We proceed as follows. We first bound Flocal (B′) using a result from [34] which states that the local
fidelity when distinguishing a set of k Cd ⊗ Cd maximally entangled states is bounded above by dk . For
B′, d = 2n and k = 22n. Hence
Flocal
(B′) ≤ 2n
22n
=
1
2n
On the other hand, using the resource state resource state |Ψm〉 we can teleport m of our n systems
from one party to the other, allowing us to identify the value of (i1, i2, . . . , im). This reduces the origi-
nal problem to that of distinguishing (n−m) unknown Bell states for which the optimal local fidelity is
exactly 1
2(n−m)
(since the bound from [34] is saturated by measuring in the computational basis). Thus,
Flocal (Ψm ⊗ B′) = 12(n−m) > 12n ≥ Flocal (B′) for 1 ≤ m ≤ n. Note that B′ become perfectly distinguish-
able using this protocol if and only ifm = n.
The following example shows that not every pure entangled state can be useful for a fixed set S of LI
states.
Example 2. Consider the problem of local discrimination of the three-qubit GHZ basis G = {|Φi〉},
i = 1, . . . , 8:
|Φ1〉 = 1√2 (|000〉 + |111〉) |Φ5〉 =
1√
2
(|010〉 + |101〉)
|Φ2〉 = 1√2 (|000〉 − |111〉) |Φ6〉 =
1√
2
(|010〉 − |101〉)
|Φ3〉 = 1√2 (|001〉 + |110〉) |Φ7〉 =
1√
2
(|011〉 + |100〉)
|Φ4〉 = 1√2 (|001〉 − |110〉) |Φ8〉 =
1√
2
(|011〉 − |100〉)
We assume that the states are all equiprobable. Let the qubits be labeled as A, B and C . Let F
(i|jk)
local (G)
denote the optimal fidelity across a bipartition (i|jk), where i 6= j 6= k ∈ {A,B,C}. We show that local
distinguishability of the above states cannot be enhanced by any bipartite pure state shared between any
two parties.
The proof is by contradiction. Suppose that a bipartite pure state |Ψjk〉 shared between two parties j
and k can enhance the local distinguishability of the states in G. This means that there must exist a local
protocol P such that the inequalities
Flocal (G) < F (Ψjk ⊗ G|P) ≤ F(i|jk)local (G) (7)
must hold. Since across every bipartition (for example, A|BC) each state has a maximum Schmidt coeffi-
cient of 12 , we can apply the result [47] to obtain
F
(i|jk)
local (G) ≤ F(i|jk)sep (G) ≤
1
2
: i 6= j 6= k ∈ {A,B,C}
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As the separable fidelity in a multipartite setting is bounded by the minimum separable fidelity across all
bi-partitions,
Fsep (G) ≤ min
{
F
(A|BC)
sep (G) ,F(B|AC)sep (G) ,F(C|AB)sep (G)
}
≤ 1
2
This upper bound is attained by LOCC simply by measuring in the computational basis and decodingwith
one of the two possible inputs as in Example 1. Thus we have proved that Flocal (G) = F(i|jk)local (G) = 12
which is in contradiction with (7).
The above example can be immediately extended to the problem of distinguishing a N -qubit GHZ
basis using a N ′-partite resource state; and a similar argument exploiting the symmetry properties of a
GHZ basis shows that a N ′-partite state, no matter how entangled, cannot be useful as a resource if
N ′ ≤ N − 1.
B. Optimal resource states
We now come to the question: When is a resource state optimal for local discrimination of a given set
S of locally indistinguishable states? We have the following definition.
Definition 2. For a set S of locally indistinguishable states, letR be the set of all resource states |Φ〉 such
that
Flocal (Φ⊗ S) = Fopt (S)
A resource state |Ψ〉 ∈ HΨ is optimal if |Ψ〉 ∈ R and if there exists a well-defined entanglement measure
E such that
• E (Ψ) ≤ E (Ψ′) for any |Ψ′〉 ∈ R.
• dimHΨ ≤ dimHΨ′′ , for any |Ψ′′〉 ∈ R such that E (Ψ′′) = E (Ψ).
In bipartite systems E can be chosen to be entanglement entropy [2] which is exactly computable for
pure states and has a clear physical interpretation. For multipartite systems one may consider a measure
that is most suitable to the specific problem under consideration. For the optimality results presented later
in this paper we have chosen the Schmidt measure [48] of entanglement.
For a given set S of LI states what necessary conditions must an optimal resource state satisfy? In
general, this is difficult to answer, but some conditions can still be had when S is an orthonormal basis
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in Hs = ⊗Ni=1Cdi . We further suppose that the states∈ S are all equally likely. Let E
(SA|B) ≥ 0
denote the average entanglement of the states a bipartition A|B where E is entanglement entropy. Let
|Ψ〉 ∈ ⊗N ′i=1Cdi be a resource state where 2 ≤ N ′ ≤ N . The following proposition is an immediate
consequence of the entropy bound proved in [9]:
Proposition 2. If Flocal (Ψ⊗ S) = 1, then E
(
ΨA|B
) ≥ E (SA|B) ≥ 0 for every bipartition A|B.
If S contains only product states then the above proposition doesn’t yield any useful information. On
the other hand, if some or all states in S are entangled then the above proposition can narrow down the
search for optimal resources.
Corollary 1. Let E
(SA|B) > 0 for every bipartition A|B, and Flocal (Ψ⊗ S) = 1. Then |Ψ〉 must be
N -partite.
The corollary can be immediately applied to the local discrimination problems involving multipartite
orthogonal bases where every basis state is entangled across all bipartitions, e.g. GHZ and W basis. In
what follows, we give couple of examples to illustrate the idea of optimal resources.
Example 3. Let S be a maximally entangled orthonormal basis in Cd⊗Cd, d ≥ 2. If a resource state |Φ〉
enables perfect discrimination of S by LOCC then from Proposition 2 we see that E (Φ) ≥ log d ebits
which in turn implies that dimHΦ ≥ d2. Since for any maximally entangled state |Ψ〉 ∈ Cd ⊗ Cd we
have Flocal (Ψ⊗ S) = 1, E (Ψ) = log d ebits and dimHΨ = d2, |Ψ〉 is therefore optimal.
Using similar arguments it’s also easy to see that a maximally entangled state |Ψ〉 inC2⊗C2 is optimal
for distinguishing the set S1 = {any three Bell states} as well as the set S2 = {|Φ1〉 , |Φ2〉 , |01〉 , |10〉}.
Clearly|Ψ〉 is sufficient; it is also known to be necessary: see [13] for S1 and [14] for S2. Note that even
though S2 is locally more distinguishable than S1 (Flocal (S2) = 34 while Flocal (S1) = 23 [34]), both the
sets require the same amount of entanglement for optimal discrimination.
The next example shows that an optimal resource may not be shared among all the parties in a multi-
partite system.
Example 4. Consider the problem of locally distinguishing three-qubit GHZ states G′ = {|Φi〉}, i =
1, . . . , 4, where the states are given by
|Φ1〉ABC = 1√2 (|000〉ABC + |111〉ABC ) |Φ3〉ABC =
1√
2
(|001〉ABC + |110〉ABC )
|Φ2〉ABC = 1√2 (|000〉ABC − |111〉ABC ) |Φ4〉ABC =
1√
2
(|001〉ABC − |110〉ABC )
Assume that the states are equally likely. The above states are locally indistinguishable because they
cannot be perfectly distinguished by LOCC across the bipartitionC|AB. This follows from the observation
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that across the bipartitionC|AB the states are locally equivalent to the Bell basis. On the other hand, the
states can be perfectly distinguished by LOCC across the two other bipartitions A|BC and B|CA.
We will show that a two-qubit Bell state |Ψ〉BC = 1√2 (|00〉BC + |11〉BC) shared between B and C
is an optimal resource. The LOCC protocol is as follows. In the first step A performs a measurement in
the |±〉 = 1√
2
(|0〉 ± |1〉) basis on the qubit he/she holds as part of the unknown state and informs the
outcome to B. If the outcome is +, B does nothing. If the outcome is −, B applies σz on the qubit that
he/she holds as part of the unknown state. This results in an unknown Bell state between B and C with
the following mapping:
|Φ1〉ABC → |Φ+〉BC |Φ3〉ABC →
∣∣∣Ψ+〉
BC
|Φ2〉ABC → |Φ−〉BC |Φ4〉ABC → |Ψ−〉BC
The protocol is completed by B and C who distinguish the unknown Bell state using |Ψ〉BC following
the teleportation protocol. Note that the necessary conditions in Proposition 2 and Corollary 1 are not
violated because G′ is not a complete basis.
V. OPTIMAL RESOURCES FOR GHZ AND GRAPH STATES
A. Discrimination of a GHZ basis by LOCCE
Let GNm denote a N -qubitm-partiteGHZ basis for 2 ≤ m ≤ N . Assuming that the ith party holds ni
qubits, 1 ≤ ni ≤ (N −m+ 1) the basis states are given by a collection of 2N−1 conjugate pairs
∣∣Φ±α〉N,m = 1√2
(|kα1 〉 |kα2 〉 · · · |kαm〉 ± ∣∣kα1 〉 ∣∣kα2 〉 · · · ∣∣kαm〉) , α = 1, . . . , 2N−1 (8)
where for every j, j = 1, . . . ,m kj is a nj-bit binary string and kj is its bit-wise orthogonal complement
and kα1k
α
2 · · · kαm 6= kβ1kβ2 · · ·kβm whenever α 6= β. The state space of the states with respect to this
partitioning is given by HS = ⊗mi=1C2
ni .
The set GNm of states is locally indistinguishable for any partitioning of theN qubits amongm parties.
This is because across any bipartition the states remain entangled (by inspection), and we know that any
bipartite orthonormal basis containing entangled states is locally indistinguishable [24].
We wish to obtain an optimal resource for distinguishing the elements of GNm . Let us suppose that a
resource state |Ψ〉 is optimal. Since the average entanglement of the states in GNm is one ebit across every
bipartition, Corollary 1 tells us that |Ψ〉 must bem-partite; that is,HΨ = ⊗mi=1Cdi , di ≥ 2 and therefore,
dimHΨ ≥ 2m. We now state the main result:
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Theorem 1. A m-qubit GHZ state |Φ〉 is an optimal resource for distinguishing the states in GNm using
LOCC for any 2 ≤ m ≤ N and any partitioning of the N qubits amongm parties.
Without loss of generality let |Φ〉 = 1√
2
(|0〉⊗m + |1〉⊗m). To establish optimality it suffices to show
that Flocal
(
Φ⊗ GNm
)
= 1. This is because the other conditions for optimality are satisfied as follows:
First, ESM (Φ) = 1, where ESM is the Schmidt measure [48] of entanglement. Since for any multipartite
pure state |φ〉, ESM (φ) ≥ 1, entanglement of |Φ〉 thus achieves the minimum. Next, the dimension of
the resource space being 2m also achieves the minimum dimension required by anym-partite state. What
remains to show is that, in fact, Flocal
(
Φ⊗ GNm
)
= 1. We begin with the casem = N :
Lemma 1. For any N ≥ 2, a GHZ basis GNN and a resource state |Φ′〉 = 1√2
(|0〉⊗N + |1〉⊗N), we have
Flocal
(
Φ′ ⊗ GNN
)
= 1.
The proof is given in appendix A. The LOCC protocol, however, is simple. It consists of a sequence of
Bell measurements by each party Ai, i = 1, . . . , N followed by appropriate Pauli corrections. While any
sequence works, in the proof we assume that the sequence A1 → A2 → · · · → AN is followed. The first
Bell measurement byA1 entangles the resource state and the shared unknown state but does not eliminate
any state. However, in each subsequent measurement performed in the order A2 → · · · → AN−1, the
outcomemaps exactly half of the candidate states (remaining in that round) onto a new set of orthonormal
states and eliminates the rest. In the end AN who is left with the task of distinguishing four Bell states
completes the protocol by performing a Bell measurement.
We now extend the theorem to the case m < N with the following lemma which shows that local
discrimination of the states in Φ⊗ GNm cannot be harder than the states in Φ′ ⊗ GNN .
Lemma 2. For any N ≥ m ≥ 2,
Flocal
(
Φ⊗ GNm
)
= Flocal
(
Φ′m ⊗ GNm
) ≥ Flocal (Φ′ ⊗ GNN )
where |Φ′m〉 is theN -qubitGHZ state shared bym parties with the same partitioning of the qubits as in GNm .
The first equality is easy to see, since |Φ〉 ↔ |Φ′m〉 by LOCC with unit probability. If we start with |Φ〉
then we can locally transform |Φ〉 into |Φ′m〉 by having each party append (ni − 1) additional qubits and
then perform a control-NOTon each to entangle them,mapping |0〉 to |0〉⊗ni and |1〉 to |1〉⊗ni . Conversely,
if we start with |Φ′m〉, each party simply performs the inverse unitary which is again a control-NOT to
disentangle the additional qubits to arrive at |Φ〉.
The proof of the second inequality comes from the observation that the sets Φ′m ⊗ GNm and Φ′ ⊗ GNm
contain the same states but in the latter the states are partitioned further. Thus, the problem of locally
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distinguishing the elements of the former cannot be harder than locally distinguishing the elements of the
latter. Hence the lemma.
The proof the theorem immediately follows since Fopt
(GNN ) = Flocal (Φ′ ⊗ GNN ) = 1 by Lemma 1.
B. Discrimination of Graph states by LOCCE
Let PN be the set of N -fold tensor products of Pauli operators: PN = {⊗Nk=1σk}. For any graph
G on N vertices, we can define an associated set of N -partite graph state in which each party holds a
qubit. Following the definitions in, e.g. [50, 51], each vertex a ∈ V is associated with a unitary K(a)G =
⊗Nk=1σki ∈ PN , where σii = X ; σki = Z if vk and vi are neighbors in G; and σki = I otherwise.
The set of operators
{
K
(a)
G : a ∈ V
}
commute and (except in degenerate cases) define a unique basis
of common eigenvectors, S ⊂ (C2)⊗N . We call these the graph states corresponding to the graph G. We
identify the state |ΨG〉 ∈ S as the unique state which is simultaneously an eigenvector of eachK(a)G with
eigenvalue one, and we propose that |Ψ∗G〉 is an optimal resource to distinguish the elements of S (where
∗ denotes the entrywise complex conjugate). We start with the following elementary observation:
Lemma 3. The set of graph states S contains the orbit of |ΨG〉 under the action of PN .
The proof is straightforward: For any (i1, i2, . . . , iN ) ∈ {0, 1, 2, 3}N , define
|Ψ〉 = (⊗Nk=1σik) |ΨG〉
SinceK
(a)
G ∈ PN , we can use standard commutation properties to get that
K
(a)
G
(⊗Nk=1σik) = ± (⊗Nk=1σik)K(a)G
This means that
K
(a)
G |Ψ〉 = K(a)G
(⊗Nk=1σik) |ΨG〉 = ± (⊗Nk=1σik)K(a)G |ΨG〉
= ± (⊗Nk=1σik) |ΨG〉 = ± |Ψ〉
Hence, for each a ∈ V , |Ψ〉 is an eigenvector ofK(a)G , which implies that |Ψ〉 ∈ S .
This allows us to state our result:
Theorem 2. For any graph G on N vertices that uniquely defines states S and |ΨG〉 as above: The state
|Ψ∗G〉 is an optimal resource to distinguish the elements of S under LOCCE.
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The proof is a consequence of the lemma. Suppose we start with the state |Ψ∗G〉 ⊗ |Ψx〉 for |Ψx〉 ∈ S .
Each party can measure their two-qubit system in the Bell basis. This is equivalent to performing the
global measurement
M = {(I2N ⊗ σN ) |Φ〉 〈Φ| (I2N ⊗ σN ) : σN ∈ P}
where |Φ〉 is the canonical maximally entangled state. (Note that the elements of M project onto the
Lattice States discussed in Example 1.)
Given the initial state |Ψ∗G〉 ⊗ |Ψx〉, the probability of getting the outcome σN is given by
|〈Ψ∗G ⊗Ψx |(I2N ⊗ σN )|Φ〉|2 =
1
2N
|〈Ψx |σN |ΨG〉|2 = 1
2N
|〈Ψx|Ψy〉|2
for some |Ψy〉 ∈ S by the lemma. Since the elements of S are mutually orthogonal, the probability of
getting this outcome is zero unless y = x. It also confirms that each |Ψy〉 corresponds to 2N measurement
outcomes. Since there are 4N possible outcomes, this implies that the orbit of PN in fact reaches all 2N
elements of S and that the set |Ψ∗G〉 ⊗ S can be perfectly distinguished with LOCC.
On the other hand, the result in [16] asserts that for any optimal resource |Ψ〉, |Ψ∗〉 must be locally
transformable into |ΨG〉, which implies that for every entanglementmeasure,E (Ψ) ≥ E (ΨG) = E (Ψ∗G)
and every local space must have dimension at least two. Hence, |Ψ∗G〉 is an optimal resource state for S .
Note that the (m,m)-GHZ states are locally equivalent to the graph states corresponding to the com-
plete graphKm onm vertices; hence Theorem 2 is a direct generalization of Theorem 1.
VI. OPTIMAL RESOURCES FOR ONE-WAY LOCCE IN BIPARTITE SYSTEMS
Optimal resource states can be defined with respect to any restricted set of measurements. One fa-
miliar restriction on LOCC in bipartite systems is that of one-way communication, in which Alice can
communicate her measurement results to Bob but Bob cannot communicate back to Alice. We denote the
optimal fidelity with respect to this restriction Flocal−1.
Given a set of bipartite states {|ψi〉} ⊂ Cd ⊗Cd, we can identify each state with a d× d matrix in the
standard way
|ψi〉 = (I ⊗Mi) |Φ〉
where |Φ〉 is the standard maximally-entangled state on Cd⊗Cd. It was noted in [15, 31] that a necessary
condition for one-way LOCC discrimination is the existence of a state |ϕ〉 such that the 〈ϕ |M∗i Mj |ϕ〉 = 0
whenever i 6= j. We can use this condition to state the following:
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Proposition 3. Let S = {|ψi〉} be a complete orthogonal basis of Cd ⊗ Cd, and let |Φ〉 ∈ Cd ⊗ Cd be the
standard maximally-entangled state. If S contains at least one state with full Schmidt rank = d, then |Φ〉 is
an optimal resource for the problem of one-way LOCC discrimination.
Proof. It is clear that Flocal−1 (Φ⊗ S) = 1, since we can use one-way LOCC to teleport one half of our
states to the other subsystem. What is less clear is that this is optimal, which we show next.
Suppose that |Ψ〉 ∈ Cd ⊗ Cd is an optimal resource to distinguish our basis S with one-way LOCC.
We write
|Ψ〉 =
(
I ⊗ Λ1/2
)
|Φ〉 Λ =
d∑
i=1
λi|i〉〈i|
If we can distinguish the set Ψ⊗S with one-way LOCC, then there exist positive constants {ak} and
states {|ϕk〉} ⊂ Cd2 such that
∑
k ak|ϕk〉〈ϕk| = Id2 and 〈ϕk|(Λ⊗M∗i Mj)|ϕk〉 = 0 for i 6= j [15]. If we
write |ϕk〉 = (I ⊗Rk) |Φ〉, then whenever i 6= j,
〈ϕk|(Λ⊗M∗i Mj)|ϕk〉 =
1
d
Tr(RkΛR
∗
k)M
∗
i Mj = 0 (9)
Since the elements of S are linearly independent, so are the matrices {Mi}. By assumption, at least one of
the states in S (say |ψ1〉) has Schmidt rank d, which means that the corresponding matrixM1 is invertible.
This implies that the matrices {M∗1Mj}d
2
j=2 are linearly independent; and since they are all traceless, the
orthogonal complement of {M∗1Mj}d
2
j=2 is simply the multiples of the identity matrix I . Setting i = 1 in
(9), we get that for any k, RkΛR
∗
k = tkId is a multiple of the identity. This implies that each Rk is full
rank and that, in fact, for each k, there exists a unitary Uk such that
Rk =
√
tkUkΛ
−1/2
Since |ϕk〉 is a normalized pure state, TrR∗kRk = d, which implies that tk = t does not depend on k. We
can now rewrite our decomposition of the identity to get
Id2 =
∑
k
ak|ϕk〉〈ϕk|
=
∑
k
akt
(
I ⊗ UkΛ−1/2
)
|Φ〉〈Φ|
(
I ⊗ Λ−1/2U∗k
)
=
∑
k
akt
(
Λ−1/2 ⊗ Uk
)
|Φ〉〈Φ|
(
Λ−1/2 ⊗ U∗k
)
Λ⊗ Id =
∑
k
akt (I ⊗ Uk) |Φ〉〈Φ| (I ⊗ U∗k )
In the last line, all of the states on the right side are maximally-entangled, so if we trace out the second
system, we get the maximally mixed state, which implies that
Λ =
t
d
(∑
k
ak
)
Id = tdId
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Since TrΛ = d, we get that Λ = Id.
Conclusion: If the state |Ψ〉 = (I ⊗ Λ1/2) |Φ〉 ∈ Cd⊗Cd can be used as a resource to locally distinguish
a complete basis of Cd ⊗ Cd containing a full-rank state, then Ψ must be maximally-entangled.
We note that this same result can be shown using the operator system methods in the recent work of
Kribs, et al. [52].
VII. CONCLUSION AND OPEN PROBLEMS
The notion of entanglement as a resource stems from the fact that shared entanglement can help us to
realize nonlocal quantum operations on composite systems by LOCC. In this paper, we have considered
the task of quantum state discrimination within the framework of LOCCE, short of Local Operations,
Classical Communication and Entanglement. To better understand the role of entanglement as a resource,
we focused on the characterization of resource states and defined useful and optimal resource states for
any given local state discrimination problem. These definitions were further illustrated with results and
examples in both bipartite and multipartite systems.
Some interesting questions emerge from the notion of useful resources. For example, let S be a set
of LI states in Cd1 ⊗ Cd2 , 3 ≤ d1 ≤ d2. Is there a pure entangled state |Φ〉 of Schmidt rank r such that
r < d1 which is useful for distinguishing S? From the example given in this paper we know that such a
pair (S,Φ) can be found but a general answer is wanting. More generally, for a fixed set S , how can we
characterize the set of states |Φ〉 such that |Φ〉 is useful for distinguishing S?
Some other open problems which may also be of interest are discussed below.
Consider, for example, the following orthonormal basis in C2 ⊗ C2:
|ψ1〉 = α |00〉 + β |11〉 |ψ2〉 = β |00〉 − α |11〉
|ψ3〉 = γ |01〉 + δ |10〉 |ψ4〉 = δ |01〉 − γ |10〉
where α, β, γ, δ with α ≥ β ≥ 0 and γ ≥ δ ≥ 0 are real numbers satisfying α2+β2 = 1 and γ2+ δ2 = 1.
The local fidelity of the above set of states can be shown to be Flocal (S) = 12
(
α2 + γ2
)
. The states are
locally indistinguishable except for the case α = γ = 1. i.e. when the set reduces to the computational
basis. Clearly, the states can be perfectly distinguished using a Bell state as resource; and ifmax(α, γ) = 1,
this is necessarily optimal [16]. However, we do not know whether this is optimal in other cases, and it
would be useful to understand how this depends on α and γ.
Another problem worth considering is motivated by the no-go results on local distinguishability of
maximally entangled states [20, 25, 26, 33, 35, 36, 53]. Suppose S is a set of orthonormal maximally en-
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tangled states in Cd ⊗ Cd. If the states form a basis then we know that any maximally entangled state in
C
d⊗Cd is an optimal resource. On the other hand, if the states do not form a basis, that is, |S| < d2, they
can still be locally indistinguishable [20, 26, 33, 35, 36] and in these cases, except when d = 2, we do not
know the optimal resources.
In multipartite systems, questions related to optimal resources may pose different kinds of challenges,
especially because of the complex structure of the states, computability of entanglement measures and ex-
istence of multiple SLOCC equivalence classes [54, 55]. In fact, the existence of multiple SLOCC classes led
to a recent no-go result [16] which states that for a given multipartite system, a universal resource (a state
which can optimally distinguish any set of locally indistinguishable states) almost always does not exist
in the same state space. For example, one cannot find a three-qubit pure entangled state that can perfectly
distinguish any three-qubit orthonormal basis by LOCC. This in turn implies that any universal resource
for a three-qubit system must belong to higher dimensions. In view of this, finding optimal resources in
multipartite systems could be challenging. In this paper, we were able to make partial progress by solving
for GHZ and Graph states; however, optimal resources for distinguishing any other orthonormal basis
with states chosen from other SLOCC classes are not yet known.
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Appendix
A. Proof of Lemma 1
AN -qubitN -partiteGHZ basis GNN is defined by a collection of 2N−1 mutually orthogonal conjugate
pairs which can be written as:
∣∣Φ±α〉 = 1√
2
(|0α1 〉 |kα2 〉 · · · |kαN 〉 ± |1α1 〉 ∣∣kα2 〉 · · · ∣∣kαN〉) , α = 1, . . . , 2N−1 (12)
where for every i = 2, . . . , N , ki ∈ {0, 1} and ki is its complement. We now give a LOCC protocol that
perfectly distinguishes the states in GNN using the resource |Φ′〉 = 1√2
(
|0〉⊗N + |1〉⊗N
)
. First, we write
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the (unnormalized) states in Φ′ ⊗ GNN as
∣∣Φ′〉⊗ ∣∣Φ±α 〉 = |0r01〉 |0rkα2 〉 · · · |0rkαN 〉 ± |1r11〉 ∣∣1rkα2 〉 · · · ∣∣1rkαN〉
± |0r11〉
∣∣0rkα2 〉 · · · ∣∣0rkαN〉+ |1r01〉 |1rkα2 〉 · · · |1rkαN 〉 ; α = 1, . . . , 2N−1 (13)
where the subscript "r" indicates that the qubit belongs to the resource state. The protocol constitutes
a series of sequential Bell measurements by all the parties Ai, i = 1, . . . , N . We adopt the following
sequence: A1 → A2 → · · · → AN .
1. A1 performs a Bell measurement on the two qubits and informs the outcome to A2 who applies
the appropriate Pauli correction following the convention of standard teleportation on the resource qubit
he/she holds. This measurement completely disentangles the first two qubits held by A1 and results in a
state shared between the rest of the parties. This resulting state belongs to one of the two sets Φ and Ψ
(given below) depending on whether the outcome was in {Φ+/Φ−} or {Ψ+/Ψ−}:
Φ :
{|0rkα2 〉 · · · |0rkαN 〉 ± ∣∣1rkα2 〉 · · · ∣∣1rkαN〉} ;α = 1, . . . , 2N−1
Ψ :
{∣∣0rkα2 〉 · · · ∣∣0rkαN〉± |1rkα2 〉 · · · |1rkαN 〉} ; α = 1, . . . , 2N−1
Note that, as of now, themeasurement byA1 does not eliminate any state; instead, it entangles the resource
state and the unknown state.
2. Let us suppose that the outcome of the measurement by A1 was either Φ
+ or Φ−. The resulting
state, now shared between the parties A2, A3, . . . , AN , therefore, belongs to the set Φ. The task is now
to distinguish the elements in Φ. The states in Φ can be grouped into two disjoint subsets Φ0 and Φ1
depending on whether kα2 takes the value 0 or 1. By an appropriate relabeling of the states, the sets Φ0
and Φ1 are given by:
Φ0 :
{|0r02〉 |0rkα3 〉 · · · |0rkαN 〉 ± |1r12〉 ∣∣1rkα3 〉 · · · ∣∣1rkαN〉} ;α = 1, . . . , 2N−2
Φ1 :
{|0r12〉 |0rkα3 〉 · · · |0rkαN 〉 ± |1r02〉 ∣∣1rkα3 〉 · · · ∣∣1rkαN〉} ; α = 2N−2 + 1, . . . , 2N−1
Each of the sets Φ0 and Φ1 contains exactly 2
N−2 conjugate pairs. A2 now performs a Bell measurement
on the two qubits he/she holds, and informs the result to A3 who applies the appropriate Pauli correction
on the resource qubit. This measurement disentangles the two qubits held byA2 and results in a (N − 2)-
partite state shared between A3, A4, . . . , AN . The resulting state belong to one of the following two sets
Φ′ and Ψ′ depending on whether the outcome was Φ+/Φ− or Ψ+/Ψ−:
Φ′ :
{|0rkα3 〉 · · · |0rkαN 〉 ± ∣∣1rkα3 〉 · · · ∣∣1rkαN〉} ;α = 1, . . . , 2N−2
Ψ′ :
{|0rkα3 〉 · · · |0rkαN 〉 ± ∣∣1rkα3 〉 · · · ∣∣1rkαN〉} ; α = 1, . . . , 2N−2
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As the resulting state belong to either Φ′ orΨ′, thus, this measurement eliminates 2(N−1) states. One can
do a similar analysis had the outcome of A1’s measurement was eitherΨ
+ or Ψ−.
3. The protocol continues in a similar fashion, each round eliminating exactly half of the states that
remained to be distinguished in the previous round; that is, the second round eliminates 2(N−1) states (or
equivalently 2(N−2) conjugate pairs), the third round eliminates 2(N−2) states (or 2(N−3) conjugate pairs)
and so on. It is easy to check that after (N − 1) rounds of measurements (note that state elimination
starts only from the second round starting with the measurement by A2), all but four states (or two con-
jugate pairs) get eliminated. The last party AN therefore performs a complete orthogonal measurement
to distinguish these four states. This completes the protocol.
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